Self-similar motions and related relative equilibria in the $N$-point
  vortex system by Gotoda, Takeshi
Self-similar motions and related relative equilibria in the
N -point vortex system
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Abstract
We study self-similar solutions of the point-vortex system. The explicit formula
for self-similar solutions has been obtained for the three point-vortex problem and for
a specific example of the four and five point-vortex problems. We see that the fami-
lies consisting of these self-similar collapsing solutions are described by one-parameter
families, and their collapse time and Hamiltonian are also expressed by functions of
the same parameter. Then, the configurations at limit points of the parameter are
in relative equilibria. For the many-vortex problem, we investigate the point-vortex
system with the help of numerical computations. In particular, considering the case
that N − 1 point vortices have a uniform vortex strength, we show that families of
self-similar collapsing solutions continuously depend on the Hamiltonian and the self-
similar solutions asymptotically approach relative equilibria as the Hamiltonian gets
close to certain values. In addition, we prove the existence of relative equilibria for the
four point-vortex system. We also investigate an example of seven point vortices with
non-uniform vortex strengths and give numerical results for it.
1 Introduction
The motion of point vortices on a plane has been investigated by many researchers for a
long time. The dynamics of point vortices is formulated as a Hamiltonian system [10]:
let (xm(t), ym(t)) for m = 1, · · · , N be the positions of point vortices and Γm be their
strengths. Then, the motion of (xm(t), ym(t)) is described by
Γm
dxm
dt
=
∂H
∂ym
, Γm
dym
dt
= −∂H
∂xm
with the Hamiltonian,
H = − 1
2pi
N∑
m=1
N∑
n=m+1
ΓmΓn log lmn, (1.1)
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where lmn(t) ≡ |zm(t) − zn(t)|. This system is called the point-vortex (PV) system. The
PV system is formally derived from the 2D Euler equations and their solutions are not
equivalent to each other in general. Indeed, the derivation of the PV system is based on
the Lagrangian flow map with the velocity field determined by the Biot-Savart formula,
in which the velocity induced by point vortices is formally calculated. On the other hand,
point vortices can approximate solutions of the 2D Euler equations. The convergence
of the point-vortex approximation has been shown for smooth solutions of the 2D Euler
equations in [2, 5, 8], and weak solutions such as vortex sheets in [14, 20]. Hence, analysis
of the dynamics of point vortices could lead to the understanding of vortex dynamics in
inviscid flows. One of the notable features of the PV system is the existence of self-similar
collapsing solutions, that is, point vortices simultaneously collide with each other. The
mechanism of vortex collapse plays an important role to understand fluid phenomena. For
example, it has been pointed out that the vortex collapse is related to the loss of the
uniqueness of solutions to the Euler equations [17]. The dynamics of point vortices is
also utilized as a simple model of the 2D turbulence and the collapse of point vortices is
considered as an elementary process in the 2D turbulence kinetics [3, 4, 13, 16, 21, 23].
Moreover, the preceding results [6, 7] have indicated that self-similar collapse of three
point vortices causes an anomalous enstrophy dissipation, which is a remarkable feature
appearing in 2D turbulent flows. Although, the explicit expression of self-similar collapsing
solutions have been obtained for the three PV problem in [1, 9, 15] and for an example
of the four or five PV problem in [17], it is still unclear what kind of configurations of
point vortices lead to self-similar collapse in general. One of the main purposes of the
present study is to clarify configurations of self-similar collapsing solutions and investigate
the structure of the families consisting of those configurations. Another interest is to
make configurations in equilibria clear. The PV system has two types of equilibria: fixed
equilibria and relative equilibria. These equilibria and self-similar collapsing or rigidly
translating are called stationary [18]. In this study, we focus on relative equilibria, which
are rigidly rotating configurations, and try to find them as continuous limits of self-similar
collapsing configurations by taking the collapse time infinity.
This paper is organized as follows. In Section 2, we see some properties of the PV
system and introduce the definition of self-similar motions. After showing an important
proposition about the formula for self-similar solutions, we briefly review the numerical
method proposed in [11, 12] to find self-similar collapsing solutions. In Section 3, we study
exact solutions of self-similar collapse for N = 3 and N = 4, 5, which are discussed in Sec-
tion 3.1 and 3.2, respectively. Through the investigation for these examples, we see that the
collapse time continuously depends on the Hamiltonian and relative equilibria appears in
limits of the value of the Hamiltonian. Then, in Section 4.1, we study self-similar motions
for the case of N ≥ 4 under a uniform condition for vortex strengths. By numerical com-
putations, we find families of self-similar collapsing solutions and show that symmetrical
configurations in relative equilibria appear in limit states of these solutions. In particular,
we give explicit configurations in relative equilibria for N = 4 with a mathematical rigor.
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We also investigate an example of non-uniform vortex strengths for N = 7 in Section 4.2.
Section 5 is devoted to concluding remarks.
2 The N-point vortex system and self-similar solutions
For convenience of notation, we introduce complex positions of point vortices, zm(t) ≡
xm(t) + iym(t). The PV system is written by
dzm
dt
=
−1
2pii
N∑
n 6=m
Γn
zm − zn , zm(0) = km (2.1)
for m = 1, · · · , N , where Γm and km denote the strength and the initial position of m-th
point vortex respectively, and zm is the complex conjugate of zm. The PV system has the
following invariant quantities (P,Q, I):
P + iQ ≡
N∑
m=1
Γmxm + i
N∑
m=1
Γmym, I ≡
N∑
m=1
Γm|zm|2 =
N∑
m=1
Γm(x
2
m + y
2
m).
These quantities yield another invariant M depending on mutual distances of point vortices,
M ≡
N∑
m=1
N∑
n=m+1
l2mn = 2(ΓI − P 2 −Q2),
where Γ ≡∑Nm=1 Γm. Considering these invariants, we find that the PV system (2.1) with
N ≤ 3 is integrable for any Γm ∈ R and the system with N = 4 is integrable only when
Γ = 0 holds, see [15] for details. It is useful to consider the evolution of mutual distances
lmn for N ≥ 3, which is governed by
d
dt
l2mn =
2
pi
N∑
l 6=n 6=m
ΓlσmnlAmnl
(
1
l2nl
− 1
l2lm
)
. (2.2)
Here, Amnl denotes the area of the triangle formed by (zm, zn, zl), which is expressed by
Amnl =
1
4
[
2
(
l2mnl
2
nl + l
2
nll
2
lm + l
2
lml
2
mn
)− l4mn − l4nl − l4lm] 12 ,
and σmnl denotes the sign of the area, that is, σmnl = 1 if the indices (m,n, l) at the
vertices of the triangle appear counterclockwise and σmnl = −1 if they do clockwise.
In this paper, we focus on self-similar motions of point vortices and thus assume that
the complex position zm is expressed by
zm = kmf(t), f(t) ≡ r(t)eiθ(t), (2.3)
3
where r ≥ 0 and θ ∈ R satisfy r(0) = 1 and θ(0) = 0. Substituting (2.3) into (2.1), we find
2pi
df
dt
f =
i
km
N∑
n6=m
Γn
km − kn
.
Since f is independent of m, there exists a constant C = A+ iB ∈ C with A, B ∈ R, which
is independent of m, such that
C = A+ iB =
i
2pikm
N∑
n 6=m
Γn
km − kn
(2.4)
for any m = 1, · · · , N . That is to say, the existence of self-similar solutions is equivalent
to the existence of {km}Nm=1 for which there exists a constant C ∈ C satisfying (2.4). For
the initial position {km}Nm=1 with a uniform constant C = A+ iB, the self-similar solution
of (2.1) is explicitly described by
zm(t) = km
√
2At+ 1 exp
[
i
B
2A
log (2At+ 1)
]
(2.5)
for m = 1, · · · , N when A 6= 0. Then, the mutual distances are given by
lmn(t) = lmn(0)
√
2At+ 1
for m 6= n. Hence, the point vortices collide simultaneously at the origin and the collapse
time is determined by
tc = − 1
2A
. (2.6)
For the initial position satisfying A = 0, the corresponding self-similar solution is a relative
equilibrium in the form,
zm(t) = kme
iBt.
If B = 0, the solution is a fixed equilibrium, which is a fixed point of the right-hand side
in (2.1), and, in the other cases, the solution rotating with the angular velocity B 6= 0 is a
fixed point of the right-hand side in (2.2). Indeed, we have the following formula for the
constants A and B in (2.4).
Proposition 2.1. For any self-similar solution (2.3), the constants A and B defined by
(2.4) are expressed by
A =
1
pil2mn(0)
N∑
l 6=n6=m
ΓlσmnlAmnl
(
1
l2nl
− 1
l2lm
)
,
B =
1
2pil2mn(0)
Γm + Γn + (km − kn) · N∑
l 6=n6=m
Γl
(
kl − kn
l2nl
− kl − km
l2lm
)
for any m 6= n, where km ≡ (Re[km], Im[km]).
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Proof. Since it follows from (2.4) that
−2pii(km − kn)C =
N∑
l 6=m
Γl
km − kl
−
N∑
l 6=n
Γl
kn − kl
=
Γm + Γn
km − kn
+
N∑
l 6=n6=m
Γl
(
1
kl − kn
− 1
kl − km
)
,
we find
−2piil2mn(0)C = Γm + Γn +
N∑
l 6=n6=m
Γl
(
(kl − kn)(km − kn)
l2nl(0)
+
(kl − km)(kn − km)
l2lm(0)
)
.
Note that, for any x1 = (x1, y1) and x2 = (x2, y2), we have
(x1 + iy1)(x2 − iy2) = x1 · x2 − 2iσ12A12,
where A12 is the area of the triangle formed by the origin, x1 and x2, and σ12 is the sign
of the area defined in the same way as σmnl in (2.2). Hence, we obtain
2pil2mn(0)C = 2
N∑
l 6=n6=m
Γl
(
σnlmAnlm
l2nl(0)
+
σmlnAmln
l2lm(0)
)
+ i
Γm + Γn + (km − kn) · N∑
l 6=n6=m
Γl
(
kl − kn
l2nl(0)
− kl − km
l2lm(0)
) .
Considering σmnl = σnlm = −σmln, we have the desired result.
For any self-similar collapsing motion, its reflection over the x-axis or the y-axis leads to
a self-similar expanding motion. Indeed, Proposition 2.1 implies that the signs of all σmnl
get the opposite signs by the reflection and thus the sign of A changes, while the constant
B and the absolute value of A are invariant under reflections. In addition, the change of
the signs for all σmnl is equivalent to the case that the signs of all vortex strengths get
reversed, for which the orbits of point vortices coincide with those before the reflection
for the negative time direction [22]. We remark that, for the self-similar solutions (2.3),
the invariant quantities need to satisfy P = Q = I = M = 0, and the invariance of the
Hamiltonian gives
ΓH ≡
N∑
m=1
N∑
n=m+1
ΓmΓn = 0. (2.7)
The center of vorticity (P + iQ)/Γ, at which the collapse of point vortices occurs, is also
invariant and located at origin for Γ 6= 0.
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As we see in Section 3.1, it is well known that the three PV system has a necessary
and sufficient condition for the existence of self-similar collapsing solutions. For the case
of N ≥ 4, although an example of exact self-similar collapsing solutions has been obtained
for the four and five PV system [17], which is treated in Section 3.2, it has not been made
clear what kind of configurations lead to self-similar collapse. On the other hand, in the
recent studies by [11, 12], several examples of self-similar collapsing solutions have been
constructed numerically for N ≥ 4. In this paper, we use the method proposed in those
papers to derive configurations leading to self-similar collapse. We now review that method
briefly. Let the complex variable vm be
vm ≡ −1
2pii
N∑
n6=m
Γn
km − kn
.
Then, the existence of the constant C satisfying (2.4) is equivalent to the existence of
{km}Nm=1 such that vmkl = vlkm for m 6= l = 1, · · ·N , which is equivalent to
v1km = vmk1, (2.8)
for m = 2, · · · , N − 2, see [11, 12, 18]. Since self-similar solutions are invariant under
self-similar transformations, we can fix the position of N -th point vortex. To determine
the positions of the rest of N − 1 point vortices, 2N − 2 equations for {km} are required.
Thus, we use the following nonlinear equations:
f2m−3 ≡ Re[v1km]−Re[vmk2] = 0, f2m−2 ≡ Im[v1km]− Im[vmk2] = 0 (2.9)
for m = 2, · · ·N − 2, and
f2N−5 ≡ P = 0, f2N−4 ≡ Q = 0, f2N−3 ≡ S = 0, f2N−2 ≡H −H0 = 0, (2.10)
where H0 is a given constant. As explained in [11, 12], these equations can be solved
numerically by the Newton method with a starting point determined by applying the
Levenberg-Marquart algorithm to the nonlinear least squares problem
∑2N−2
n=1 f
2
n. From
the above method, for the given constant H0, we can numerically obtain a configuration
leading to a self-similar motion if a self-similar solution whose Hamiltonian is H0 exists.
3 Exact solutions for self-similar collapse
3.1 Three point-vortex problem
In this section, we see the properties of self-similar collapsing solutions of the three PV
problem. It is well known that the conditions,
ΓH = Γ1Γ2 + Γ2Γ3 + Γ3Γ1 = 0, (3.1)
6
M = Γ1Γ2l
2
12 + Γ2Γ3l
2
23 + Γ3Γ1l
2
31 = 0, (3.2)
are a necessary and sufficient condition for self-similar collapse of three point vortices
[1, 9, 15], and partial collapse does not occur. Note that (3.1) allows us to assume Γ1 ≥
Γ2 > 0 > Γ3 without loss of generality and replace Γ3 by −Γ1Γ2/(Γ1 + Γ2). Under the
conditions (3.1) and (3.2), we have a self-similar solution expressed by (2.5) with
A =
Γ3
4pil212(0)
σ123
[
2(λ1 + λ2)− (λ1 − λ2)2 − 1
]1/2 λ2 − λ1
λ1λ2
, (3.3)
B =
1
4pil212(0)
λ1λ2(Γ1 + Γ2)
3 + (Γ21 + Γ
2
2)(Γ2λ1 + Γ1λ2)
λ1λ2(Γ1 + Γ2)2
,
where λ1 ≡ l223/l212 and λ2 ≡ l231/l212 are invariant constants [15]. The constant A gives the
collapse time tc by the formula (2.6). All possible equilibria satisfying (3.1) and (3.2) are
collinear states or equilateral triangles: they both form relative equilibria rotating rigidly
about their center of vorticity and, in particular, the frequency of equilateral triangle is
given by Γ/(2pil2mn), see [15] for details. According to [6, 17], the Hamiltonian H of the
self-similar collapsing solution satisfies
min {H+,H−} <H < 0, (3.4)
where
H± ≡ Γ
2
1Γ
2
2
4pi(Γ1 + Γ2)
log
(
ψ
(
Γ1
Γ2
k±
)[
ψ
(
Γ1
Γ2
)]−1)
and ψ(r) and k± are given by
ψ(r) ≡
(
1
1 + r
)1/Γ1 ( r
1 + r
)1/Γ2
, k± ≡
(
Γ1 + Γ2 ±
√
Γ21 + Γ1Γ2 + Γ
2
2
Γ2
)2
.
Then, H = H± and H = 0 correspond to collinear states and an equilateral triangle in
relative equilibria, respectively.
We see the intermediate configurations between collinear states and equilateral trian-
gles: they lead to self-similar collapse and satisfy (3.4). Setting k1 = x1 and k2 = x2 with
x1 > x2, we find from (3.2) that k3 = x+ iy with x, y ∈ R satisfies(
x− Γ1x1 + Γ2x2
Γ1 + Γ2
)2
+ y2 =
Γ21 + Γ1Γ2 + Γ
2
2
(Γ1 + Γ2)2
|x1 − x2|2.
Thus, we have
x =
Γ1x1 + Γ2x2
Γ1 + Γ2
+
√R
Γ1 + Γ2
l cos θ, y =
√R
Γ1 + Γ2
l sin θ
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Figure 1: The graphs of (3.6) and (H (θ), A(θ)) by changing 0 ≤ θ < 2pi for (a) (Γ1,Γ2) =
(3/2, 1) and (b) (Γ1,Γ2) = (10, 1). The solid lines denotes the graphs for 0 ≤ θ < pi and
the dashed ones are for pi ≤ θ < 2pi. The black point in the left figure denotes the fixed
k3. The configuration formed by red points with k3 is an equilateral triangle for θ = θ0,
and those by blue or purple points with k3 are collinear states for θ = 0 or pi, respectively.
for θ ∈ [0, 2pi), where R ≡ Γ21 + Γ1Γ2 + Γ22 and l ≡ |x1 − x2|, see [9]. Then, their mutual
distances are given by
l23 =
l
Γ1 + Γ2
√
Γ21 +R+ 2Γ1
√
R cos θ, l31 = l
Γ1 + Γ2
√
Γ22 +R− 2Γ2
√
R cos θ (3.5)
and l12 = l. The formula (3.5) implies that three point vortices form an equilateral triangle
when θ = θ0 such that cos θ0 = −(Γ1−Γ2)/(2
√R). To fix k3 to (1, 0), we apply a self-similar
transformation to (k1, k2, k3) so that
k1 =
Γ1Γ2
(Γ1 + Γ2)2
(
1 +
√R
Γ1
e−iθ
)
, k2 =
Γ1Γ2
(Γ1 + Γ2)2
(
1−
√R
Γ2
e−iθ
)
, k3 = 1. (3.6)
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Figure 2: The graphs of (3.7) and (H (θ), A(θ)) in (3.8) by changing 0 ≤ θ ≤ pi/2. In the
left figure, the dashed lines express the configurations for pi/2 < θ < pi and the black point
denotes k3. The configurations formed by red and blue points correspond to an equilateral
triangle for θ = pi/2 and a collinear state for θ = 0, respectively.
Then, (k1, k2, k3) satisfy P = Q = 0 and their mutual distances are given by (3.5) with
l12 =
√R/(Γ1 + Γ2). Thus, the Hamiltonian is expressed by a function of θ, that is,
H (θ) =
Γ1Γ2
4pi(Γ1 + Γ2)
log
(
Γ21 +R+ 2Γ1
√R cos θ
(Γ1 + Γ2)2
)Γ2 (
Γ22 +R− 2Γ2
√R cos θ
(Γ1 + Γ2)2
)Γ1
,
and H (θ) is invariant under self-similar transformations. Note that A in (3.3) is also
considered as a function of θ by using (3.5) and we describe it by A(θ). Figure 1 shows the
sets of positions of three point vortices (3.6) and the dependence between A(θ) and H (θ),
which are obtained by changing θ ∈ [0, 2pi). Since the graphs for θ ∈ (pi, 2pi) in both figures
are symmetric to those for θ ∈ (0, pi) with the x-axis or the H -axis, we pay attention only
to θ ∈ [0, pi]. Note that A = 0 holds for two collinear states for θ = 0, pi, and an equilateral
triangle for θ = θ0. As we see in the right figure, these relative equilibria are continuously
connected by a family of self-similar solutions satisfying A 6= 0: solutions for 0 < θ < θ0 are
self-similar collapsing with A < 0, and solutions for θ0 < θ < pi are self-similar expanding
with A > 0. According to (3.4), the equilateral triangle for θ = θ0 satisfies H = 0 and the
collinear states for θ = 0 and pi do H =H− and H+, respectively.
For the case of Γ1 = Γ2, owing to (3.1), we may assume that Γ1 = Γ2 = 1 and Γ3 = −1/2
without loss of generality. Then, the initial configuration (3.6) is written by
k1 =
1
4
(
1 +
√
3e−iθ
)
, k2 =
1
4
(
1−
√
3e−iθ
)
, k3 = 1, (3.7)
which is a modification of the configuration given by [9]. For the same reason as the case
of general vortex strengths, we restrict the domain of θ to [0, pi]. Moreover, under the
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condition Γ1 = Γ2, k2 can be identified with k1 and configurations for (pi/2, pi) coincide
with those for (0, pi/2) by a reflection over the x-axis and replacing k1 and k2 each other.
Hence, it is enough to pay attention to θ ∈ [0, pi/2]. Note that the equilateral triangle and
the collinear state are equivalent to θ = pi/2 and θ = 0, respectively. Then, the formulae
of A, B and H for (3.7) are simplified as follows.
A(θ) =
−2 sin 2θ
pi(5− 3 cos 2θ) , B(θ) =
2(3− cos 2θ)
pi(5− 3 cos 2θ) , H (θ) =
1
8pi
log
5− 3 cos 2θ
8
(3.8)
for 0 ≤ θ ≤ pi/2, which give H (pi/2) = 0 and H± = H (0) = −0.0551589 · · · . Figure 2
shows the set of (3.7) and the dependence between A and H in (3.8) by changing θ ∈
[0, pi/2]. Note that, in the right figure, the graph corresponding to θ ∈ [pi/2, pi] is symmetric
to that for θ ∈ [0, pi/2] with theH -axis, that is, the curve satisfying A > 0 forH± <H <
0 and connected to (H±, 0) and (0, 0) in the H -A plane.
3.2 Four and five point-vortex problems
For the four and five point-vortex problem, a necessary and sufficient condition has not
been established. On the other hand, an example of exact solutions for self-similar collapse
has been obtained by [17]. We see more detail about this example. Consider the four point
vortices located at the vertices of a parallelogram whose diagonals intersect at the origin.
Without loss of generality, we can set
k1 =
1
2
d1e
iθ, k2 = −1
2
d1e
iθ, k3 = −1
2
d2, k4 =
1
2
d2, (3.9)
where l12 = d1 and l34 = d2 are the diagonals and θ is the angle between the diagonals.
The strengths of point vortices are given by Γ1 = Γ2 = γ1 and Γ3 = Γ4 = γ2, where γ1,
γ2 ∈ R are given constants. Note that since k2 is identified with k1, we restrict the domain
of θ to [0, pi/2] with the same reason as the example of three point vortices (3.7). Then,
we easily find that P = Q = 0 holds and the following conditions for self-similar motions
are required.
I =
1
2
(
γ1d
2
1 + γ2d
2
2
)
= 0,
M = (γ1 + γ2)
(
γ1d
2
1 + γ2d
2
2
)
= 0,
ΓH = γ
2
1 + 4γ1γ2 + γ
2
2 = 0.
These conditions yield the relation,
d21
d22
= −γ2
γ1
= 2±
√
3, (3.10)
which implies that γ1 and γ2 have opposite signs. For the five PV problem, the fifth point
vortex is placed at the origin, i.e. k5 = 0, with the strength Γ5 = γ3 ∈ R. Similarly to the
10
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Figure 3: (a) The graphs of (3.9) and (H (θ), A(θ)) for 0 ≤ θ ≤ pi/2, in which d2 = 2,
γ1 = −1, γ3 = 0 and d1, γ2 are determined by (3.10) with the ratio 2 −
√
3. (b) The
graphs of (3.9) with k5 = 0 and (H (θ), A(θ)) for 0 ≤ θ ≤ pi/2, in which d2 = 2, γ1 = −1,
γ2 = 1/2 and d1, γ3 are determined by (3.11) and (3.12). The black points in the left
figures denote the fixed point vortices. The red and blue points correspond to θ = pi/2 and
θ = 0, respectively.
four PV problem, it is confirmed that P = Q = 0 and
I =
1
2
(
γ1d
2
1 + γ2d
2
2
)
= 0, (3.11)
M =
1
2
(2γ1 + 2γ2 + γ3)
(
γ1d
2
1 + γ2d
2
2
)
= 0,
ΓH = γ
2
1 + 4γ1γ2 + γ
2
2 + 2γ3(γ1 + γ2) = 0. (3.12)
We introduce several formulae for the above example of five point vortices and their
formulae are valid for the four point vortices (3.9) by setting γ3 = 0. According to [17],
for the configuration formed by (3.9) with k5 = 0, the constants A and B in (2.4) are
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calculated by
A(θ) =
4γ1d
2
1 sin 2θ
pi
(
d41 + d
4
2 − 2d21d22 cos 2θ
) , (3.13)
B(θ) =
d21 + d
2
2
2pid21d
2
2
[
γ1 + γ2 + 2γ3 +
4γ2d
2
2(d
2
1 − d22)
d41 + d
4
2 − 2d21d22 cos 2θ
]
,
which can be derived based on Proposition 2.1, and the Hamiltonian H is expressed by
H (θ) =
−1
2pi
log
[
cγd
γ1(γ1+2γ3)
1 d
γ2(γ2+2γ3)
2
(
d41 + d
4
2 − 2d21d22 cos 2θ
)γ1γ2], (3.14)
where cγ ≡ 2−4γ1γ2−2γ3(γ1+γ2).
Figure 3(a) shows the graphs of (3.9) and the dependence between (3.13) and (3.14) with
γ3 = 0 by changing θ ∈ [0, pi/2], in which we set d2 = 2, γ1 = −1 and d1, γ2 are determined
by (3.10) with the ratio 2−√3. The configurations for θ = pi/2 and θ = 0 correspond to a
diamond configuration and a collinear state in relative equilibria, respectively. Figure 3(b)
shows the graphs of (3.9) with k5 = 0 and the dependence between (3.13) and (3.14) for
θ ∈ [0, pi/2], in which we set d2 = 2, γ1 = −1, γ2 = 1/2. The constants d1 and γ3 are
determined by (3.11) and (3.12), respectively. The configurations for θ = pi/2 and θ = 0
correspond to a diamond configuration and a collinear state with k5 fixed at the origin
in relative equilibria, respectively. As we see in the right figures in both examples, these
relative equilibria are connected by the family of self-similar collapsing solutions. Similarly
to the example of the three point vortices (3.7), the graph corresponding to θ ∈ [pi/2, pi] in
the right figure satisfies A > 0 and it is symmetric to that for θ ∈ [0, pi/2] with theH -axis.
4 Self-similar motions of N-point vortices with N ≥ 4
4.1 Motions of point vortices with uniform strengths
In this section, we investigate self-similar collapse of N -point vortices for N ≥ 4. To
compare with the three PV problem in Section 3.1, we consider the following strengths of
point vortices.
Γ1 = Γ2 = · · · = ΓN−1 = 1, ΓN = −N − 2
2
, (4.1)
which satisfies the condition (2.7). Considering the invariance of self-similar motions under
scaling and rotating transformations, we may fix the position of the N -th point vortex to
(1, 0). Our concern is the family of configurations leading to self-similar collapse, which we
call the collapsing family. More precisely, we try to obtain the family in which configura-
tions are continuously connected by considering the value of Hamiltonian as a parameter.
For the exact solutions shown in Section 3, the constants A and H are parametrized by
θ and the dependence between them is explicitly described by a curve on the H -A plane.
Although, in general, it is difficult to represent A and H by functions of one parameter, it
12
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Figure 4: (a) The collapsing family for N = 4 with (4.1). (b) The solid curve is the same as
(a) and the dashed one is symmetric to (a) with x-axis. The black points denote the fixed
k4. The configurations formed by red or blue points with k4 are in relative equilibria. (c)
The H -A curve for N = 4. The red or blue points correspond to the relative equilibria.
is possible to obtain the curves describing the dependence between A and H by numerical
computation. For later use, we call those curves the H -A curves. From the investigations
for the exact self-similar collapsing solutions, we expect that H -A curves are continuously
connected to configurations in relative equilibria. Thus, finding collapsing families, we can
make configurations in relative equilibria clear as the end points of H -A curves, which
satisfy A = 0.
In order to carry out the above investigation, we employ the numerical method proposed
in [11, 12]. According to that method, once we find a configuration leading to self-similar
collapse forH =H0, using its configuration as a new starting point, we can detect another
configuration of a self-similar collapsing solution by numerically solving (2.9) and (2.10)
with the perturbed values of the HamiltonianH0±∆H , that is, f2N−2 =H −(H0±∆H ).
Repeating this procedure by using the perturbed Hamiltonian and taking |∆H | small when
it failed to find a configuration by solving (2.9) and (2.10), we obtain configurations whose
constant A continuously depends on H .
We first see the case of N = 4. Applying the numerical method described above, we
obtain a collapsing family and a H -A curve, see Figure 4(a) and (c), respectively. Unlike
the examples in Section 3, we observe that the collapsing family does not form parts of a
circle and it is difficult to give an explicit formula for configurations leading to self-similar
collapse. Note that the symmetric configurations to the collapsing family with the x-axis
yield a family consisting of self-similar expanding solutions along the positive time direction,
which we call the expanding family. Indeed, as we mentioned below Proposition 2.1, the sign
of A changes by the reflection over the x-axis and, thus, the H -A curve for the expanding
family is symmetric to the curve for the collapsing family with the H -axis. Figure 4(b)
shows the collapsing and expanding families. As we see in that figure, the expanding
family is connected to the collapsing family on the x-y plane at the configurations in
relative equilibria and two families form a closed curve. On the other hand, similarly
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to the examples in Section 3, the end points of the H -A curves correspond to relative
equilibria since we have A = 0 at those points. Two configurations in relative equilibria
seem to be symmetric with respect to the x-axis and this fact is shown with a mathematical
rigor as follows.
Proposition 4.1. For the four PV system with the condition (4.1), the configurations
formed by k1 = a, k2 = b+ ic, k3 = b− ic and k4 = 1, where
a = ∓1
3
(√
5−
√
2
)
, b =
1
2
± 1
6
(√
5−
√
2
)
, c =
√
1
6
(√
10− 2∓
(√
5−
√
2
))
,
are in relative equilibria.
Proof. We determine the constants (a, b, c) so that P = 0, Q = 0, I = 0 and A = 0 are
satisfied. Note that symmetric configurations about the x-axis satisfy Q = 0 and
Re
 i
k1
4∑
n6=1
Γn
k1 − kn
 = Re
 i
k4
4∑
n6=4
Γn
k1 − kn
 = 0.
On the other hand, the conditions P = 0 and I = 0 yield
a+ 2b− 1 = 0, a2 + 2b2 + 2c2 − 1 = 0, (4.2)
respectively. Note that 0 < b < 2/3 follows from (4.2). In addition, we have
Re
 i
k2
4∑
n6=2
Γn
k1 − kn
 = −Re
 i
k3
4∑
n6=3
Γn
k1 − kn

= − c|k2|2
[
b
2c2
+
a
(b− a)2 + c2 −
1
(b− 1)2 + c2
]
,
and thus A = 0 is equivalent to
b
2c2
+
a
(b− a)2 + c2 −
1
(b− 1)2 + c2 = 0. (4.3)
Combining (4.2) and (4.3), we find
36b4 − 72b3 + 40b2 − 4b− 1 = 0,
which is symmetric about b = 1/2. Solving this equation for 0 < b < 2/3, we obtain
b =
1
2
± 1
6
(√
5−
√
2
)
,
and the rest of constants are calculated by (4.2):
a = ∓1
3
(√
5−
√
2
)
, c =
√
1
6
(√
10− 2∓
(√
5−
√
2
))
,
where the double-sign corresponds.
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Figure 5: The H -A curves for N = 5, · · · , 10. The red and blue points correspond
to relative equilibria. The purple points correspond to (Hc, Ac) at which the values of
Hamiltonian along the curves are minimum.
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Figure 6: The collapsing families for N = 5, · · · , 10. The black points denote the fixed kN .
The configurations formed by red or blue points with kN correspond to relative equilibria.
The purple points correspond to configurations for (Hc, Ac).
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Figure 7: The collapsing and expanding families for N = 5, · · · , 10. The solid curves
denote the collapsing families, which are the same as Figure 6, and the dashed ones do the
expanding families.
Next, we see the case of N ≥ 5. Figure 5 shows the H -A curves for N ≥ 5. In the
numerical method, which we used for finding H -A curves, we just change the value of H
forward or backward from a configuration obtained beforehand. Unlike the cases of the
examples in Section 3, for each H -A curve in Figure 5, there exists a minimal value of
H at which we have A 6= 0 and the tangent of the H -A curve is parallel to the A-axis.
We denote by (Hc, Ac) that point for convenience. Then, perturbing the point (Hc, Ac)
slightly, we find another H -A curve connected to (Hc, Ac). This fact implies that A is
not determined as a single-valued function of H . On the other hand, similarly to the
examples in Section 3, we observe that configurations at the end points of H -A curves are
in relative equilibria. The collapsing families corresponding to the H -A curves in Figure 5
are shown in Figure 6. As we see in those figures, for each number of N , two configurations
in relative equilibria are symmetric with respect to the x-axis and, as the number of N
increases, their point vortices seem to form a sheet except for one or two vortices. Unlike
the four PV system, it is hard to prove the existence of the relative equilibria since we have
to solve two or more nonlinear equations given by (2.8). Figure 7 shows the collapsing
families in Figure 6 and their reflections over the x-axis, that is, the expanding families.
Similarly to the case of N = 4, the collapsing and expanding families are connected at
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Figure 8: (a) TheH -A curves for N = 10. (b) The collapsing family and (c) the collapsing
and expanding families that correspond to C2. The black points denote the fixed k10. Note
that the red and blue points with x > 0 are located near each other. The red or blue points
correspond to relative equilibria and the purple points correspond to (Hc, Ac).
relative equilibria and form a closed curve on the x-y plane.
We remark that the H -A curves shown in Figure 5 are one of the examples for each
N = 5, · · · , 10 and there is a possibility of the existence of other curves. Indeed, we have
found another curve for N = 10, which is denoted by C2 in Figure 8(a), and it gives different
relative equilibria from those shown in Figure 6, which is denoted by C1. Figure 8(b)
shows the collapsing family and the family with the expanding one that correspond to C2.
The figures imply that the curve formed by the collapsing and expanding families is not
necessarily closed.
4.2 Motions of point vortices with non-uniform strengths
We investigate self-similar collapse for non-uniform vortex strengths. For a number of N ,
examples of non-uniform vortex strengths, for which there exists a configuration leading
to self-similar collapse, have been obtained by using numerical computations [11, 12, 19].
In particular, we consider the seven point vortices whose strengths are given by
Γ1 = Γ2 = 1, Γ3 = Γ4 = Γ5 = Γ6 = −2, Γ7 = 3
2
. (4.4)
Note that this example is given in [11]. Since point vortices that have same strengths are
not distinguished, we fix the unique point vortex, that is, the seventh one with Γ7 = 3/2
to the point (1, 0) for identifying equivalent configurations. Figure 9(a) shows the H -A
curves for (4.4) and there exist several H -A curves, which are not necessarily all of them.
Some of curves are connected to the same points, which are denoted by E1, E2 and E3
in the figure, on the H -axis. At the point E1, for example, the configurations in relative
equilibria for C1 and C3 are different on the x-y plane, see Figure 10. However, applying
a self-similar transformation or a reflection over the x-axis to each configurations, we find
that two configurations are identical to the configuration shown in Figure 9(c)-E1. The
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Figure 9: (a) TheH -A curves for the seven point vortices with (4.4). (b) The configuration
at the point P in the figure (a). The purple point denotes the position at which three point
vortices are located. (c) The configurations in relative equilibria corresponding to E1, E2
and E3 in the figure (a).
same argument is valid for the other relative equilibria at E2 and E3, see Figure 9(c) and
Figure 10. Another remarkable feature of the example (4.4) is theH -A curve labeled by C6.
One of the end points of C6, denoted by P , does not satisfy A = 0 and the corresponding
configuration, which is shown in Figure 9(b), is not in a relative equilibrium. We find from
the figure that three point vortices are located at the same point and, in this situation,
we can not find another H -A curve starting from the point P by our numerical method.
See Figure 10 for the entire collapsing family for C6. From the above considerations, it
is indicated that there are a greater number of collapsing families for non-uniform vortex
strengths than uniform vortex strengths and they do not necessarily connected to relative
equilibria.
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Figure 10: The collapsing families corresponding to the H -A curves labeled by C1, · · ·C6
in Figure 9(a). The black points are k7 and the configurations formed by red or blue
points with k7 are in relative equilibria. On each H -A curve, the relative equilibrium for
the greater value of H is represented by the red points and that for the smaller value of
H corresponds to the blue one. The purple points in C6 correspond to the point P .
5 Concluding remarks
We have investigated self-similar collapsing solutions of the PV system. Introducing the
collapsing families, which consist of configurations leading to self-similar collapse, we have
shown that these families continuously depend on the Hamiltonian. Indeed, the collapse
time and the Hamiltonian for the well-known exact collapsing solutions can be expressed by
one-parameter functions, and the configurations at the boundary points of the parameter
are in relative equilibria. For the PV problem with N ≥ 4, we have studied the collapsing
families with the help of numerical computations. Considering the case that N − 1 point
vortices have a uniform vortex strength, we have confirmed that the collapsing families
continuously depend on the Hamiltonian and their configurations asymptotically approach
relative equilibria, which are symmetric with respect to the x-axis, as the Hamiltonian gets
close to certain values. In particular, we have made the configurations in relative equilibria
clear for N = 4. For the case of N ≥ 5, we have shown that, unlike the examples of exact
collapsing solutions, the configurations leading to self-similar collapse and the Hamiltonian
19
are not in one-to-one correspondence in general, and there exist several collapsing families.
For non-uniform vortex strengths, through an example for N = 7, it has been indicated
that the collapsing families have a variety of structures and their configurations do not
necessarily approach relative equilibria.
We discuss some future works suggested by the present study. It is worthwhile inves-
tigating whether there exist a H -A curve starting from any given relative equilibrium.
Conversely, it is also of interest that any collapsing or expanding family is connected to
configurations in relative equilibria or configurations for which some point vortices are lo-
cated at the same point. Another interest is the number of continuous collapsing families.
We have confirmed that the three PV system has a unique collapsing family, which is given
by (3.6), but it is unclear for the case of N ≥ 4. Although we have numerically found
some examples that have several collapsing families, further numerical or mathematical
analysis is required. Moreover, as inspired by Section 4.1, it is a challenging attempt to
find equilibria of vortex sheets numerically by use of the point-vortex approximation, but
some improvements are needed for the numerical method we used in this study.
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